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ABSTRACT 

 
This research aims to obtain a description of the relation between various ways 
of thinking and students’ abilities. The research was conducted in an Inclusive 
Junior High School in the West Java Province, Indonesia. This study is 
qualitative, with single-case (holistic) designs. The data were collected 
through student tests, observations, document analysis, and teacher interviews. 
The data analysis was conducted using grounded theory with constant 
comparison. The results showed that based on the number of ways of thinking, 
students can be divided into three groups; there are the low, middle, and high 
groups. The low group performed one way of thinking, the middle group 
performed two-three ways of thinking, and the high group performed four 
ways of thinking. Surprisingly, students who have various ways of thinking, 
they have more abilities.  
 
Kata Kunci: inclusive classroom; students’ ability; mental acts; ways of 
understanding; ways of thinking 
  

 
INTRODUCTION 
 

Based on data from the Ministry of Education and Culture of the Republic of 
Indonesia, the number of inclusive junior high schools in Indonesia is 3,817, while the 
number of inclusive students is 24,985 (Kemdikbud, 2011). This data shows a large 
number. On the other hand, research that studies mathematics learning in the setting of 
inclusive education is still not widely done. The results of research on the practice of 
inclusive education (McKenna, Shin, & Ciullo, 2015) identified only five studies published 
between 2000 and 2013 related to learning mathematics in an inclusive school setting. 

In teaching and learning mathematics, inclusive schools will likely receive two 
types of students, some students who have difficulty in mathematics, and students who 
have no difficulty in mathematics. Furthermore, students at inclusive schools also vary, 
from the low achievers to the high achievers. Some literature discussed learning 
mathematics in an inclusive setting. For example, the equity principle (NCTM, 2000), 
which states that all students must have opportunities to study mathematics. They also must 
be supported to learn mathematics; regardless of their impairment.  

Some researchers stated that students grasp mathematical ideas and construct them 
in a variety of ways, depending on their unique experience in mathematics learning. 
Teachers’ appreciation of the difference between these students will increase students’ 
confidence in learning mathematics and make students’ mathematical understanding more 
deeply (Castellon et al., 2011; Schifter, 2005; Zevenbergen et al., 2004). Therefore, 
investigating students’ ways of thinking on understanding mathematics is important.  
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In this study, we use fractions for the research topic. Understanding fractions 
material is very crucial for students in learning mathematics. Fractions are the foundation 
for learning algebra and mathematical material at a higher level (Bailey et al., 2012; 
Torbeyns et al., 2014; Shin et al., 2016). 

Taking into account all the considerations above, research on students' ways of 
thinking on fractions in the inclusive classroom is needed as an essential first step toward 
effective instructional methods. Therefore, the problem of this research is how the 
relationship between students’ ways of thinking and their abilities in fraction learning.  

The topic used in this study is fractions. According to Clarke, et al. (2010: 15), the 
definition of fractions is as follows: 

“A fraction is a symbolic expression that represents the results of two numbers 
௔

௕
 (with b not equal to zero).  So, all rational numbers expressed in form 

௔

௕
 are fractions, but 

rational numbers 1.45 are not fractions. The 1.45 rational number can be called a fraction 

if it is written 
ଵସହ

ଵ଴଴
. So, all rational numbers can be written as fractions, but some important 

fractions are not rational numbers, for example: 
గ

ସ
 or  

ୱ୧୬
ഏ

ర

ଶ
 .” 

Students and the teacher use fractions handout which were adapted from Cramer 
et al (2009); the handout approach was called Lesh Multiple Translation Model (Cramer, 
2003). To analyze the students' thinking, we used Harel's theory: Mental Act, Ways of 
Understanding, and Ways of Thinking (Harel, 2008a).  

Mathematics is the set of ways of understanding (WoU) and ways of thinking 
(WoT) (Harel, 2008a). WoU is the product of mental acts; it consists of axioms, definitions, 
theorems, proofs, problems, and solutions. WoT is the characteristic of mental acts; it 
consists of all the ways of thinking that are used to produce WoU.  

The mental act is a characteristic of thinking in line with the problems encountered; 
a WoU is a specific cognitive product of the mental act performed by an individual; a WoT 
is the cognitive character of the mental act. The cognitive characteristics of the mental acts 
are inferred from the observation of the WoU (Harel, 2008a). 
 
METHODS 
 

This study involves purposeful sampling. The sample is chosen by researchers’ 
judgment to select an information-rich sample (Gall, Gall, & Borg, 2010). This research is 
conducted in one of the Inclusive Junior High Schools in West Java, Indonesia. The 
location of school is in an urban area. The participants are 27 students in the 7th grade; they 
learn fraction topics using a handout that implements Lesh Translation Model. They have 
learned basic fraction concepts from the 3rd grade, and in the the7th grade, they finished 
all the learning on fractions topic. 

The data were collected through student tests, observations, document analysis, 
and interviews (Gall, Gall, & Borg, 2010). After we obtained the result of the students’ test, 
we interviewed the teacher. The purpose of the teacher interview was to confirm the result 
of the test for each student. The major question for teacher interviews is “Does the ability 
of students fit with the score of their test?”. The result of the teacher interview revealed that 
the test score matches the ability of the students. 

The observation is conducted when students attend fractions learning and when they 
completed the test problems. The purpose of the observation is to make sure students learn 
and solve the fraction problem seriously. The data analysis of this study aims to analyze 
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the relationship between students’ ways of thinking and their abilities in fraction learning. 
The grounded theory with coding and constant comparison technique is used for data 
analysis. The grounded theory procedures as stated by Gall, Gall, and Borg (2010) through 
the four steps, namely (1) data collection; (2) data division into several segments; (3) 
defining specific categories that reflect both the conceptual and structural elements of the 
data; and (4) coding of each segment for each appropriate category in each segment.  

 
 
RESULTS AND DISCUSSION 
 
Results 
 

We find the number of mental acts (MA), ways of understanding (WoU), and ways 
of thinking (WoT) as follows: 
 

Table 3. The number of MA, WoT, WoU, and the score of the ability of 27 students 
No Respondents # MA # WoT # WoU Ability Score 

1 27 1 1 1 15 
2 1 1 1 1 20 
3 8 1 1 1 20 
4 26 1 1 1 20 
5 25 1 1 1 25 
6 19 1 1 1 26 
7 13 1 1 1 30 
8 16 1 1 1 35 
9 17 1 1 1 35 
10 20 1 1 1 35 
11 21 1 1 1 36 
12 12 1 1 1 40 
13 3 2 2 2 55 
14 10 2 2 2 56 
15 15 2 2 2 56 
16 2 2 2 2 60 
17 11 2 2 2 60 
18 23 3 3 3 66 
19 9 3 3 3 73 
20 7 4 4 4 81 
21 5 4 4 4 83 
22 6 4 4 4 83 
23 24 4 4 4 86 
24 22 4 4 4 95 
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25 14 4 4 4 96 
26 4 4 4 4 100 
27 18 4 4 4 100 

 
From table 3, we classify the participants based on the number of MA, WoT, and 

WoU, with the following criteria: 
1. The low groups are students with the numbers of MA, WoT, and WoU equal to 

one; 
2. The middle groups are students with the numbers MA, WoT, and WoU equal 

to two and three; 
3. The high groups are students with the numbers of MA, WoT, and WoU equal 

to four. 

Low Group Students 

Based on the criteria above, the number of students in the low group is twelve. Two 
mental acts are found, which are interpreting and problem-solving, with corresponding 
WoT and WoU.  In the lower group students, we only identify one mental act for each 
student, with the relevant WoU and WoT. We find eleven students doing mental act 
interpreting and one student (respondent 8) doing mental act problem-solving.  

Middle Group Students 

Based on the criteria, the number of students in the middle group is seven. In 
middle group students, mental acts are more varied, ranging from interpreting, explaining, 
and problem-solving, to inferring, each with corresponding WoU and WoT. 

In the middle group of students, we identify four mental acts with relevant WoU 
and WoT. We find two students doing mental act interpreting and problem-solving; three 
students doing mental act interpreting and explaining; one student doing mental act 
interpreting, explaining, inferring; and one student doing mental act interpreting, 
explaining, and problem-solving.  

High Group Students  

Based on the criteria, the number of students in the high group is 8. In high group 
students, each student shows four mental acts; there are interpreting, explaining, problem-
solving, and inferring, each with corresponding WoU and WoT. In the high group of 
students, we identify four mental acts with relevant WoU and WoT for each student, that 
is interpreting, explaining, problem-solving, and inferring.  

Surprisingly, the number of MA, WoU, and WoT of the lower, middle, and high 
group students has a linear relationship with the score of ability, we find that the student 
who has more various ways of thinking have more score of ability. 
 
Discussion 
 

Some reasons may be the cause of why students in the low group can only show 
one mental act, with relevant WoU and WoT. One possible explanation is that there may 
be students who are suspected of having a mathematics learning disability (MLD). Based 
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on observations, test results, and interviews with teachers, we found four students suspected 
of having MLD. 

According to the result of the data analysis, the 25th percentile (first quartile) of the 
score is 32.5. A score of 32.5 indicates the upper bound of 25% of the lowest score. Based 
on Geary (2004), one way to determine the MLD student is the students whose test results 
are below the 25th percentile. By paying attention to scores that are below the 25th 
percentile, 7 students are suspected of experiencing MLD. The students are respectively 
number 27, 1, 8, 26, 25, 19, and 13. After class observation and the teacher interview, we 
agree that there are only four students who experienced MLD. Students with MLD are 
respectively number 1, 8, 19, and 26. 

We find that students with MLD can only solve the problem procedurally. They 
cannot use inferring and explaining yet. This finding is in line with our previous research 
that MLD students can only do one mental act, namely interpreting or problem-solving 
(Ikhwanudin & Suryadi, 2018). 

Another possible explanation for the low achievers only showing one mental act is 
that this study uses multiple representation models. Some researchers argue that multiple 
approaches to solving a problem are problematic for low achievers. They state that one 
simple set of rules is the best approach to teaching these students (Baxter et al, 2001). 

In the high group of students, we identify four mental acts for each student, namely 
interpreting, explaining, problem-solving, and inferring, each with corresponding WoU and 
WoT. One possible explanation for why the high group can show four mental acts is offered 
by Elia et al (2009), which state that multiple strategies approach for problem-solving is 
appropriate for the high achievers, in this study we use multiple representation models.  

Another possible explanation is the concept of mathematically gifted. In the high 
group, we identify two of eight students as mathematically gifted. Based on Mann (2006), 
identifying mathematically gifted students can be done through observing the performance 
of students in the classroom, test scores, and recommendations. After class observations, 
test results, and teacher recommendations, we find two students that are suspected as 
mathematically gifted, namely students 4 and 18, who get the scores of 100 on the test. 

In problem-solving, the gifted student uses more methods to solve problems 
compared with their peers. This finding is in line with Hong and Aqui (2004) notice that 
gifted children use more strategies to organize and transform information and use it more 
effectively. In interpreting and explaining, we also find that gifted students solve problems 
by creating schemas or drawings; they can visualize the mathematics problem. This finding 
is in line with the study of Presmeg (1986) which stated that the gifted student could 
visualize problems and relations. 

Furthermore, we also find that the gifted student uses mental acts inferring to 
conclude (inference). Another research finding from Polya and Kiesswetter (in Sriraman, 
2005) concluded a similar result; which stated that gifted students can think analogically 
and heuristically and pose related problems. 
 
 
CONCLUSION 
 

The inclusive school system is one implementation of the equity principle in 
teaching and learning mathematics. Therefore, a study on students' way of thinking when 
understanding mathematics in an inclusive classroom is very important. In this study, we 
find that students who have various ways of thinking, they have more abilities.  



Ikhwanudin. / Diferensiasi: Jurnal Ilmiah Kependidikan, 1(1), 55 - 62 
 
 
 
 
 

- 60 - 
 

 
 
 
 
 

 
 
REFERENCES 

Armstrong, B.E. & Larson. C.N. (1995). Students' Use of Part-Whole and Direct 
Comparison Strategies for Comparing Partitioned Rectangles. Journal for 
Research in Mathematics Education, 1 (26).  

Bailey, D.H., Hoard, M.K., Nugent, L., Geary, D.C. (2012). Competence with fractions 
predicts gains in mathematics achievement. Journal of Experimental Child 
Psychology, 113, 447-445. https://doi.org/10.1016/j.jecp.2012.06.004 

Baxter, J., Woodward, J., & Olson, D. (2001). Effects of Reform-Based Mathematics 
Instruction on Low Achievers in Five Third-Grade Classrooms. The Elementary 
School Journal, 101 (5), 529-548. DOI: 10.1086/499686 

Bogdan, R. C. & Biklen, S. K. (2007). Qualitative Research for Education. Boston: Allyn 
and Bacon Inc 

Brown G.& Quinn, R.J. (2006). Algebra students’ difficulty with Fraction, An Error 
Analysis. Australian Mathematics Teacher, 62 (4). 

Castellon, L. B., Burr, L. G., & Kitchen, R. S. (2011). English language learners’ 
conceptual understanding of fractions: An interactive interview approach as a 
means to learn with understanding. In K. Téllez, J. N. Moschkovich, & M. Civil 
(Eds.), Latinos/As and mathematics education: Research on learning and teaching 
in classrooms and communities (pp. 259–282). Charlotte: Information Age 
Publishing. 

Clarke, C., Fisher, W., Marks, R., Ross, S., Zbiek, R.S. (2010). Developing Essential 
Understanding of Rational Numbers for Teaching Mathematics in Grades 3-5. 
Reston, VA: NCTM.  

Cramer, K. (2003). Using a translation model for curriculum development and classroom 
instruction. In R. Lesh & H. Doerr (Eds.), Beyond constructivism: Models and 
modeling perspectives on mathematics problem solving, learning, and teaching 
(pp. 449–464). Mahwah, NJ: Lawrence Erlbaum Associates 

Cramer, K., Wyberg T., & Leavitt, S. (2009). Fraction Operations & Initial Decimal Ideas: 
Curriculum Module.  

Downloaded from: http://www.cehd.umn.edu/ci/rationalnumberproject 

Elia, I., van den Heuvel-Panhuizen, M., Kolovou, A. (2009). Exploring strategy use and 
strategy flexibility in non-routine problem solving by primary school high 
achievers in mathematics. ZDM Mathematics Education, 41, 605-618. DOI: 
10.1007/s11858-009-0184-6 

Gall, M.D., Gall, J.P., Borg, W.R. (2010). Applying Educational Research. Boston: Allyn 
and Bacon Inc. 



Ikhwanudin. / Diferensiasi: Jurnal Ilmiah Kependidikan, 1(1), 55 - 62 
 
 
 
 
 

- 61 - 
 

 
 
 
 
 

Geary, D.C. (2004). Mathematics and Learning Disabilities. Journal of Learning 
Disabilities, 37 (1), 4-15. 

Harel, G. (2008a). What is Mathematics? A Pedagogical Answer to a Philosophical 
Question. In Gold, B. & Simons, R.A. (Eds.): Proof and Other Dilemmas: 
Mathematics and Philosophy (pp.265-290). Washington, DC: MAA. 

Hong, E. and Aqui, Y. (2004). Cognitive and motivational characteristics of adolescents 
gifted in mathematics: Comparison among students with different types of 
giftedness. Gifted Child Quarterly, 48, 191–201. 
https://doi.org/10.1177/001698620404800304. 

Ikhwanudin, T., & Suryadi, D. (2018). How Students with Mathematics Learning 
Disabilities Understands Fraction: A Case from the Indonesian Inclusive School. 
International Journal of Instruction, 11(3), 309-326. 
https://doi.org/10.12973/iji.2018.11322a 

Kemdikbud. (2011). Pedoman Umum Penyelenggaraan Pendidikan Inklusif (General 
guidelines for implementing inclusive education). Jakarta: Kemdikbud. 

Kemdikbud (2016). Matematika SMP kelas VII semester 1(Mathematics for Junior High 
School, 7th grade, semester 1). Jakarta: Kemdikbud. 

Lewis, K.E. (2014). Difference not deficit: reconceptualizing mathematics learning 
disabilities. Journal for Research in Mathematics Education, 3 (45). 

Mann, E. L. (2006). Creativity: The essence of mathematics. Journal for the Education of 
the Gifted, 30 (2), 236–262. DOI: 10.4219/jeg-2006-264. 

McKenna, J.M., Shin, M., & Ciullo, S. (2015). Evaluating Reading and Mathematics 
Instruction for Students with Learning Disabilities: A Synthesis of Observation 
Research. Learning Disability Quarterly, 38(4), 195–207. 

NCTM. (2000). Principles and Standards for School Mathematics. Reston, VA: NCTM 

Presmeg, N. C. (1986). Visualization and mathematical giftedness. Educational Studies in 
Mathematics, 17, 297–311. 

Schifter, D. (2005). Engaging students’ mathematical ideas: Implications for professional 
development design. Journal for Research in Mathematics Education Monograph, 
13. Reston: National Council of Teachers of Mathematics. 

Shin, M.&Bryant, D.P. (2016). Improving the Fraction Word Problem Solving of Students 
with Mathematics Learning Disabilities: Interactive Computer Application. 
Remedial and Special Education, 1(2). 
https://doi.org/10.1177/0741932516669052. 

Sriraman, B. (2005). Are Giftedness and Creativity Synonyms in Mathematics?. The 
Journal of Secondary Gifted Education, 17, 20-36. 

Torbeyns, J., Schneider, M., Xin, Z., Siegler, R.S. (2014). Bridging the gap: Fraction 
understanding is central to mathematics achievement in students from three 



Ikhwanudin. / Diferensiasi: Jurnal Ilmiah Kependidikan, 1(1), 55 - 62 
 
 
 
 
 

- 62 - 
 

 
 
 
 
 

different continents. Learning and Instruction, 1-9. 
https://doi.org/10.1016/j.learninstruc.2014.03.002 

Wyberg T., Whitney S.R., Cramer K.A., Monson D.S., Leavitt S. (2012). Unfolding 
Fraction Multiplication: Helps Students Understand an Important Algorithm by 
Using a Piece of Paper and a Number Line. Mathematics Teaching in The Middle 
School, 17(5), 289-293.   

Zembat, I.O. (2015). An Alternative Route to Teaching Fraction Division: Abstraction of 
Common Denominator Algorithm. International Electronic Journal of Elementary 
Education, 7(3), 399-422. 

Zevenbergen, R., Dole, S., & Wright, R. J. (2004). Teaching mathematics in primary 
schools. New South Wales: Allen & Unwin. 

 
 

 
 
 
   
 
 
 
 
 
   
 
 
 
 
 
 
 
 
 

 
 
 
 

 
 


